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Abstract 
This short paper proposes a didactic example on how to solve a multidimensional 

screening problem in the linear case. In the proposed example, shareholders of a 
cash-constrained firm propose to the firm management a recapitalization in counterpart of the 
distribution of future dividends. The capacity of the firm to distribute future dividends de-
pends on its production costs and its technology, which are private information of the man-
agement. Thus shareholders face a (multidimensional) screening problem. We completely 
characterize the optimal menus of contracts that shareholders offer. Notably, we show that 
there always exist optimal menus of contracts with at most two contracts offered: a low divi-
dend, low recapitalization contract and a high dividend, high recapitalization contract. This is 
an extreme case of bunching. 
Key words: multidimensional screening; bunching; adverse selection; shareholders; dividends; 

recapitalization 
JEL classification: C6; D8 

1. Introduction 

Since the seminal work of Mirrlees (1971), the theory of optimal screening 
contracts has received considerable attention. The theory has notably been applied to 
issues such as optimal taxation, public good provision, imperfect competition, and 
auctions to name a few examples. The vast majority of these applications have made 
the simplifying assumption that preferences can be ordered by a single dimension of 
private information. For instance, in the canonical model of Mussa and Rosen 
(1978), consumers’ preferences are ordered by their willingness to pay for additional 
units of quality. However, in most economic situations, multiple dimensions of pri-
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vate information seems to be a more appropriate assumption. In the model of Mussa 
and Rosen, we might think of consumers’ preferences not only being ordered by 
their willingness to pay for additional units of quality but also by their opportunity 
costs. Similarly, in an employer-employee relationship, it is reasonable to assume 
that employees have private information not only about their productivity but also 
about their preference for leisure and time. 

However, solving a multidimensional screening problem is far less straightfor-
ward than solving its one-dimensional counterpart. The essential difficulty lies in the 
lack of complete ordering of preferences. To take an analogy, a subset of the real line 
is completely ordered, a point a is bigger than, smaller than, or equal to another 
point b. But a subset of a two-dimensional Euclidean space is not completely or-
dered (say, with respect to the component-wise order). As an example, the points (1, 
2) and (2, 1) are not comparable. To be more precise, this is the lack of complete 
ordering in multiple-dimensional environments that is at the source of most difficul-
ties, not the multiple dimensionalities by itself. To see this, consider the multidimen-
sional screening model of Courty and Li (2000). They study a problem of refund 
pricing by airline companies in which information evolves over time. At the time of 
buying his ticket, a consumer does not know his valuation of the trip but knows the 
distribution of the possible valuations of the trip. The consumer learns his valuation 
after having bought the ticket. In their model, the consumer type is clearly multidi-
mensional (in fact, infinite dimensional since a type is a distribution function). 
However, Courty and Li impose sufficient conditions to guarantee a complete or-
dering of the consumer preferences (i.e., a sufficient single-crossing condition), 
which renders the analysis of their model similar to a one-dimensional one. Unfor-
tunately, such sufficient conditions do not translate easily to other multidimensional 
screening models. 

In turn, this lack of complete ordering implies that we are generally uncertain 
as to which incentive compatibility constraints bind. Hence, we are forced to maxi-
mize profits subject to a far larger set of global constraints. This problem clearly 
does not apply in a one-dimensional screening model as the single crossing condi-
tion implies a complete ordering of the preferences, and typically the incentive 
compatibility constraints are determined by local conditions: a simple differential 
equation (a first-order condition) and a monotonicity condition (a second-order con-
dition). 

The present paper is part of the burgeoning literature on multidimensional 
screening contracts; see for instance Armstrong (1996), Basov (2001), Carlier (2001), 
McAfee and McMillan (1988), Rochet and Chone (1998), and Rochet and Stole 
(2001) for an excellent survey. An important result of this literature is that bunching 
(i.e., several types of an agent will be offered the same contract) is a robust phe-
nomenon. This result sharply contrasts with one-dimensional screening problems 
where perfect discrimination of types is the rule rather than the exception; however, 
see Julien (2000) for the possibility of bunching in one-dimensional problems. First, 
perfect screening (i.e., each type of an agent is offered a different contract) might be 
ruled out by dimensionality considerations, this is bunching of the first type in the 
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terminology of Rochet and Chone (1998). In other words, if the principal has fewer 
instruments than the dimension of the type space, he is not able to perfectly screen 
since he does not have enough degrees of freedom. Second, even though the princi-
pal has enough instruments, there typically exists a conflict between the desire to 
extract as much rent as possible from the agent and the need to satisfy the sec-
ond-order incentive compatibility constraint. As a result of this conflict, several 
types will be offered the same contract. This is an example of bunching of the sec-
ond type in the terminology of Rochet and Chone (1998).  

Unfortunately, most of the problems studied in the literature do no admit 
closed-form solutions and thus limit possible applications to interesting economic 
problems. Notable exceptions are Laffont et al. (1987), Lewis and Sappington 
(1988), and Carlier and Gaumont (2002). These authors study a problem where the 
principal has a unique instrument to screen several characteristics of an agent. For 
instance, in Carlier and Gaumont (2002), the private characteristics are the produc-
tivity and the discount rate of a worker and, in Lewis and Sappington (1988), private 
characteristics are cost and demand functions of a regulated firm. The common ap-
proach followed in these papers is first to transform the problem into a 
one-dimensional problem (the aggregation step) and second to solve the 
one-dimensional problem (the maximization step). In this paper, we follow the same 
approach. 

The purpose of this paper is to offer another example for which we can com-
pletely characterize the optimal menu of contracts that a principal offers to an agent. 
The novelty is that the principal problem turns out to be of the linear programming 
type in our example, while, in previous examples, it is strictly convex. To the best of 
my knowledge, no such an example exists in the literature. In this respect, emphases 
are put on simplicity, clarity, and rigor, and it is hoped that this didactic example 
would help applied economists in solving similar problems. In the proposed example, 
shareholders of a cash-constrained firm propose to the firm management a recapi-
talization in counterpart of the distribution of future dividends. We assume that the 
dividends that the firm can distribute are proportional to the revenue the firm gener-
ates in its activity, say the production of cars. Moreover, the firm has private infor-
mation over its production costs, i.e., the prices at which the firm buys its inputs and 
its technology. As both production costs and technology affect the revenue that the 
firm can generate, shareholders face a (multidimensional) screening problem. Indeed, 
the firm management can overstate its production costs and/or understate its pro-
ductivity in order to distribute fewer dividends to shareholders. Without incentives 
to tell the truth, the firm management will clearly lie as it increases its payoff. 

Two key ingredients are responsible for the linearity: risk-neutrality of share-
holders and the firm and a restriction to linear contracts. Risk neutrality is a reason-
able assumption to make if we have in mind an economic situation in which share-
holders and the firm are sufficiently diversified. For instance, if shareholders are 
banks and the firm is Virgin Corporation, it is certainly reasonable to assume risk 
neutrality as banks have diversified portfolios and Virgin is sufficiently diversified 
in producing many goods and services (cars, books, leisure, flights, etc.). As for the 
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restriction of the contracts space to linear contracts, it is a simplifying assumption 
that enables us to obtain closed-form solutions. At this point, it is worth stressing 
that both restrictions are certainly too restrictive in some economic problems, but 
since the purpose of this paper is to offer a didactic example on how to solve a linear 
multidimensional screening problem, I see these two assumptions as simply forcing 
the structure of the model to be linear. The main result is that there always exist op-
timal menus of contracts with at most two contracts offered: a low dividend, low 
recapitalization contract and a high dividend, high recapitalization contract. This 
extreme case of bunching sharply contrasts with previous contributions in which, 
although several types will be bunched on the same contract, the principal nonethe-
less offers a continuum of contracts. 

In Section 2, the model is presented. Section 3 is devoted to the characteriza-
tion of admissible contracts, notably the aggregation step. Section 4 addresses the 
existence of admissible contracts and solves the shareholders’ problem. Finally, Sec-
tion 5 extensively discusses the results. 

2. A Simple Model 

We present a simple model of conflict between shareholders and the manage-
ment of a firm when the management can manipulate or divert the revenue the firm 
generates because of private information. The recent collapse of Parmalat in Italy is 
a good illustration of the diversion of funds by the management. More than €8 bil-
lions have been diverted! 

A price-taking firm produces a good, say cars, from N different inputs 
( )j jz ∈{1, ,Ν}…  according to the production function f with:  

1( , lnj j jf z z b a z
ι

Ν
Ν

=1
, ) = ( ),∑…  (1) 

where 1 1N
ji b= =∑  and all jb ’s are strictly positive. We denote by ln(⋅) the logarith-

mic neperien function. Notice that the production function f is a monotone increas-
ing transformation of a constant return to scale Cobb-Douglas production function 
and has constant elasticity of substitution. Here ja  is a productivity factor, which is 
specific to input jz ; all ja ’s are strictly positive. We normalize the price of the 
good to one and denote the (strictly positive) prices of inputs 1,w wΝ,… . However, 
there are two unusual things about this firm. First, instead of maximizing its profit, 
we assume that the management maximizes its revenue R. Fluck (1999) has shown 
that by maximizing its revenue, management minimizes the probability of being 
dismissed. Or the management might simply want to have bigger sales than any 
other firm. Second, the firm is cash-constrained. In particular, it has only M dollars 
on hand before production. For simplicity, we set M = 0.  

Shareholders propose to the firm management an increase in capital (i.e., a 
transfer of cash) in counterpart of a future distribution of dividends. For simplicity, 
we assume that dividends are proportional to the revenue realized; that is, if the firm 
realizes a revenue of R, (1−α)R of the revenue is distributed to the shareholders and 
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αR is kept by the management. We also assume that the proposed recapitalization 
depends on the proportion of revenue the firm is willing to distribute. The higher the 
proportion of revenue the firm is willing to distribute, the higher the recapitalization.  
After all, shareholders do not inject money in firms without substantial financial 
counterparts. Thus, the recapitalization is a function T(⋅) of the proportion α of 
revenue distributed as dividends, and we let 1(T Τ αα ) = . We also assume that 
shareholders value the dividends distributed v[(1−α)R]. We might think of the dif-
ference between the dividends distributed and the valuation of shareholders as a loss 
due to taxation or gains from the resale of stocks. For instance, in a Lucas as-
set-pricing model, stock prices are positively correlated with dividends distributed; 
hence more dividends distributed also implies gains from the resale of stocks. We 
suppose that v is increasing in dividends distributed and homogenous of degree one 
(to avoid scale effects). 

Finally, we assume that the technology and the inputs’ costs are private infor-
mation of the firm. In other words, two essential dimensions of the production proc-
ess are unknown to shareholders. Clearly, because of its private information, the 
management can manipulate or divert the revenue, and hence the dividends distrib-
uted, as in the Parmalat case. For instance, suppose that the agreed-upon proportion 
α is 10%, and the firm realizes revenue of €10 billions. The revenue realized obvi-
ously depends on the production costs and the technology of the firm; hence it is not 
observable by shareholders. It follows that the firm management has a clear incen-
tive to understate its realized revenue, say by announcing €5 billions, and thus to 
distribute only €0.5 billions as dividends, instead of €1 billions if it tells the truth. 
Part of the problem of the shareholders is therefore to design a mechanism that 
forces the firm management to tell the truth. 

More precisely, we suppose that the vector w of inputs’ prices and the vector a 
of productivity factors is privately known to the firm management. Shareholders 
have some beliefs about the productivity factors and inputs’ prices. They believe that 
(a, w) is distributed according to a non-degenerate probability measure with (con-
tinuous) density ρ  with respect to Lebesgue on the rectangle  

[ , ] .a ae e e e e e e eω ω−1 − −1 −× ×[ , ]×[ , ]× ×[ , ]… …   

We also assume that shareholders have no budget constraints, and we normalize 
the opportunity cost of the firm management to zero. 

2.1 The Firm Problem 

Given a transfer T and an agreed-upon proportion α of revenue to be distributed, 
the firm problem consists in maximizing its revenue subject to the cash constraint as 
follows:  

{ } { }1, ,

max ln
j j N

j j j
z j

R b a z
∈

Ν

=1
= ( )∑

…
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s.t. 
1

N

j j
j

w z α
=

1

≤ Τ .∑   

The solution to the firm problem is  

1

1 j
j N

j j
j

b
z T

w b
α
1

=

= ,
∑

  

for all j ∈ {1, …, N}, and the optimal revenue *R  is given by 

*

1

1 1ln ( ) ln ln( ) ln( ).
N

j j j
j j

R b a b T
w α=

⎡ ⎤⎛ ⎞
= + + +∑ ⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
  

From the above equation, an increase in the productivity of one input has a 
positive effect on the revenue, while an increase in the price of this input has a nega-
tive effect. Similarly, by relaxing the cash constraint, the recapitalization of the firm 
has a positive effect on its revenue. It is also worth noting that this log-linear speci-
fication is a particularly nice feature of the model as it can easily be estimated by an 
econometrician. For instance, jb  is the elasticity of the firm revenue with respect to 
the price jw  of jz . 

Let us denote by θ  the following row vector of dimension 2N: 

( )1
1

1 1ln( , , ln( ), ln( ), , ln( ))N
N

a a
w w

θ = … … ,  

with nθ  the nth component. θ represents all the private information of the firm, and 
we call θ the type of the firm. Similarly, we define the row vector ω of dimension 
2N as follows: 

1 1( , , , , , )N Nb b b bω = … … ,  

with nω  the nth component. Let C = ln(T) and 1 ln( )N
j jjk b b== ∑ . Notice that k < 

0.  
With this new notation, we can rewrite the optimal revenue of the firm in a 

more compact way, namely, 

2*

1

N
j j

n
R k Cθ ω

α=

1
= + + .∑  (2) 

We also denote by ρ the density function of θ  on the rectangle 

[ ] [ ] [ ] [ ]0, 0, 0, 0,a a ω ω× × × × ×… … .  

The probability density ρ is obviously obtained from the probability density ρ  
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by changes of variables and is easily shown to be continuous on Θ. Its support is 
also obtained from the support of ρ .  

From equation (2), it is clear that the firm management can lie in several di-
mensions. In particular, it can overstate its inputs’ prices and understate its produc-
tivity to claim lower revenue. But it can also moderately understate its inputs’ prices 
and sufficiently understate its productivity to claim the same lower revenue. Thus, 
the problem features a lack of complete ordering of the type space. 

2.2 Linear Contracts 

Without loss of generality, we restrict ourselves to the class of contracts satis-
fying the direct revelation mechanism (see Myerson, 1979). From the previous sec-
tion, it is clear that offering a dividend policy α and a recapitalization 1T α  is 
equivalent to offering a dividend policy α and a transfer of cash C since, for a given 
α and C, there exists a unique T that satisfies CT eα= . Thus, without loss of gener-
ality, we concentrate on contracts that only specify a dividend policy α and a cash 
transfer C. As already explained, shareholders face an adverse selection problem 
(remember that the firm management has private information over its productivity 
and inputs’ prices), hence they cannot offer a first-best contract. Shareholders can 
nonetheless propose a menu of individually rational and incentive compatible con-
tracts in such the way that the firm management will self-select the contract that 
corresponds to its type θ. 

Definition 1: A menu of linear contracts is a pair of mappings 
[ ]( (.), (.)) : ,Cα α αΘ → × . 

Notice that we impose the bound conditions [ ]α θ α α( )∈ ,  for all θ ∈Θ, with 
α > 0 and α < 1 . The lower bound captures the idea that the firm should be left with 
some money, i.e., it cannot distribute all its revenue, while the upper bound captures 
the idea that some dividends have always to be distributed. We might think of these 
constraints as imposed by the legislator. 

In the two following sections, we completely characterize the set of incentive 
compatible and individually rational contracts and solve the shareholders’ problem. 
A reader less interested in these technicalities might skip Sections 3 and 4 at a first 
reading. 

3. Admissible Contracts 

We define the set of admissible contracts as the set of contracts that are incen-
tive compatible, individually rational, and that satisfy the bound conditions 

[ ]( ) ,α θ α α∈  for all θ ∈Θ. 

3.1 Incentive Compatible Contracts and Aggregation 

We define the payoff ( , , )U Cθ α  of the firm management of type θ associated 
with the contract ( , )Cα  as  
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2 *

1
( , , ) .

N
n n

n
U C k C Rθ α α θ ω α α

=
= + + =∑  (3) 

Moreover, we denote by [ ] 2: , NZ α α →  the map  

1 2( ) ( ,..., ),NZα α αω αω=   

and by :V Θ →  the potential associated with the menu ( ),Cα  defined by  

( ) ( , ( ), ( )), .V U C for allθ θ α θ θ θ= ∈ Θ  (4) 

Definition 2: A menu ( , )Cα  is incentive compatible if for all θ, 'θ ∈ Θ , 

' '( ) ( , ( ), ( )).V U Cθ θ α θ θ≥  (5) 

In the sequel, we denote by /n nV V θ∂ = ∂ ∂  the partial derivative of V with 
respect to nθ . 

Proposition 1: A menu ( , )Cα  is incentive compatible if and only if the potential V 
defined by (4) satisfies: 

1.  V is convex, 
2.  ( ) ( )n nV θ ω α θ∂ =  a.e. for n = 1, ..., 2N.  

Proof: Necessity. Assume ( , )Cα  is incentive compatible. Then for all θ ∈ Θ,  

'

' '( ) ( , ( ), ( )),V supU C
θ

θ θ α θ θ
∈Θ

=  (6) 

and U is linear in θ, therefore V is convex as the supremum of convex functions. 
Hence V is differentiable a.e. For a.e. θ ∈Θ, the Envelope Theorem then yields  

( ) ( , ( ), ( )),V U Cθ θ α θ θ
θ
∂

∇ =
∂

 (7) 

which means ( ) ( )n nV θ ω α θ∂ =  a.e. for n = 1, ..., 2N.  
Sufficiency. Let V be a potential satisfying 1 and 2 of Proposition 1 and define  

2

1
( ) ( ) ( ) ( )

N
n n

n
C k Vθ α θ θ α θ θ ω

=
+ = − ∑ .  

Then the convexity of V implies that for all θ, 'θ ∈ Θ ,  

2

1
2

1

( ) ( ') ( ') ( ')
( ') ( ') ( ' )

( ') ( ') ( '),

n

N
n n

n
N

n n
n

V V V
V

k C

θ θ θ θ θ
θ α θ θ θ ω

α θ θ ω α θ θ

−
=

=

≥ + − ∇
≥ + ∑

≥ + +∑
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so that ( , )Cα  is an incentive compatible contract. 

Proposition 1 gives a standard characterization of incentive compatible con-
tracts (for similar results, see Carlier, 2001, Rochet, 1985, and Rochet and Chone, 
1998). A contract ( , )Cα  is incentive compatible if the potential associated with it 
is convex and its gradient belongs to the image of Z, i.e., [ ]{ }( ), ,V Z α α α α∇ ∈ ∈ . 
This set is a manifold of dimension one, and thus we might expect that shareholders 
discriminate different types of the firm in only one dimension. Two additional re-
marks are worth making. First, observe that the mapping Z is linear and thus injec-
tive. Therefore it satisfies the generalized Spence-Mirrlees condition of Carlier 
(2002). As in the one-dimensional case, an explicit characterization of incentive 
compatible contracts crucially rests upon the injectivity of Z, and thus our linear 
specification plays the role of a single crossing type condition. Second, the linearity 
of U in θ is crucial, as otherwise, the convexity of the potential is a necessary but not 
sufficient condition for incentive compatibility (see Rochet, 1987). 

Before turning to the aggregation step, we introduce new notation. We denote 
by x.y the usual inner product of x and y in 2N . 

A simple inspection of (3) should convince the reader that 2
1. N

n nnω θ θ ω== ∑  is 
the relevant aggregate type. In other words, the revenue net of cash transfer ω.θ is a 
sufficient statistic that summarizes all relevant information on the unobservable het-
erogeneity of types. It is indeed fairly intuitive since shareholders’ payoff depends 
only on the fraction of revenue distributed, i.e., the dividends, and not on a particular 
profile of inputs’ prices and productivity factors. While this intuition is correct, I 
nonetheless give a proof that illustrates the general strategy to find an aggregate type 
(equivalently, a sufficient statistic) in more complex problems. Observe that equa-
tion (7) forms a system of partial differential equations (PDEs) and finding an ag-
gregate type crucially rests upon the solution of this system of PDEs. Due to the 
linearity of the system (7), characteristics are simply hyperplanes and Proposition 1 
can be easily simplified. Although it is a simple application of the method of char-
acteristics, we state and prove the following:  

Proposition 2: V satisfies the requirements of Proposition 1 if and only if there exists 
a function f : [0, ]a ω+ →  such that: 

( ) ( . )V f for allθ ω θ θ= ∈ Θ  (8) 

and f is convex. 

Proof: Assume first that V is Lipschitz and satisfies (7). Let θ and 'θ  be two points 
of Θ such that . . 'ω θ ω θ= . We have: 

1
0( ) ( ') ( '). ( ' ( ')) .V V V s dsθ θ θ θ θ θ θ− = − ∇ + −∫   

Since (7) implies that ( ' ( '))V sθ θ θ∇ + −  is collinear to ω, we obtain ( ) ( ')V Vθ θ= , 
and thus V(θ) only depends on ω.θ. Hence, if V satisfies the requirements of Propo-
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sition 1, there exists a function f such that (8) is satisfied, and since the convexity of 
V is equivalent to that of f, we get the desired characterization. 

Proposition 2 states that incentive compatible contracts are one-dimensional in 
the sense that they only depend on ω.θ, the revenue realized net of the cash transfer. 
Heuristically, this is not surprising since the dimension of the firm’s private informa-
tion is 2N whereas shareholders have only two instruments to screen the type of the 
firm. 

Finally, since 1 1(1/ ) ( ) ( . ) ( )V fω θ ω θ α θ′∂ = = , the bound conditions impose 
that [ ]( ) ,f t α α′ ∈  for a.e. [0, ]t a ω∈ + , with t standing for the sufficient statistic 
ω.θ. 

3.2 Individual Rationality 

Definition 3: A menu ( , )Cα  is individually rational if for all θ ∈ Θ,  

( ) 0.V θ ≥  (9) 

The following Proposition expresses the participation constraint in terms of the 
function f satisfying ( ) ( . )V fθ ω θ=  for all θ ∈ Θ. 

Proposition 3: Let : [0, ]f a ω+ →  be a Lipschitz function such that f α′ ≥ . 
Then 

( )min . 0 (0) 0f if and only if f
θ

ω θ
∈Θ

≥ ≥ .  

The proof is trivial since f is increasing. 

4. Optimal Contracts 

Without loss of generality, we suppose that shareholders offer a contract that is 
accepted. The shareholders’ profit consists of the dividends they received plus gains 
or losses from the sales of assets (including taxation) minus the initial transfer of 
cash. The shareholders’ program consists of maximizing its total profit over the set 
of admissible contracts as follows: 

( ){ }sup , , ( , ) ,C C is admissibleα αΠ  (10) 

where 

( ) ( ) ( )2

1
, 1 ( ) .

N
n n

n
C v C dα α θ ω ρ θ θΘ

=

⎡ ⎤Π = − −∑∫ ⎢ ⎥⎣ ⎦
 (11) 
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4.1 Rewriting the Problem 

Our first step in solving the principal’s program consists of rewriting the profit 
(11) in function of f. On the one hand, we have for all θ ∈ Θ, 

( ) ( . )fα θ ω θ′=  (12) 
( ) ( . ),V fθ ω θ=  (13) 

and, on the other, 

( )
2

1
( ) ( ) ( ).

N
n n

n
V k Cθ α θ θ ω α θ θ

=
= + +∑  (14) 

It follows that the cash transfer C could be as a function of f, namely: 

( ) ( . ) ( . ) '( . ) '( . )C f f kfθ ω θ ω θ ω θ ω θ= − − . (15) 

Note that C only depends on ω.θ, and slightly abusing notation we write C(ω.θ) 
instead of C(θ) in the sequel. Let us define the probability measure µ on [0, ]a ω+  
as the image of ρ(θ) dθ by the linear form .θ ω θ , that is, for every continuous 
function ϕ on [ ]0,a ω+ , we have  

0 ( ) ( ) ( . ) ( ) .a t d t dω ϕ µ ϕ ω θ ρ θ θ+
Θ=∫ ∫   

Substitution of (12) and (15) in (11) then enables us to write the shareholders’ profit 
as a function of f, namely, 

[ ]0 ( ( )) '( ) ( ) ( ) ( )a t k v t f t f t v t d tω µ+ + − − +∫ . (16) 

It is worth pointing out that the shareholders’ profit is linear with respect to f. 
This linearity is precisely the main difference with previous models, which have 
explicitly solved optimal (multidimensional) screening contracts. 

We are now ready to solve the shareholders’ problem. First, observe that µ is 
absolutely continuous with respect to the Lebesgue measure, that µ has a has a den-
sity gµ , and that gµ  is continuous. We denote by Gµ  the cumulative function of 
µ. Moreover, it can be checked that this density vanishes at endpoints 

(0) ( ) 0g g aµ µ ω= + = . (A proof is available upon request.) Second, an integration 
by parts in (16) yields 

( )0

0

(0) ( ) 1 ( ) ( ) '( )

( ) ( ) .

a

a

f G t t k v t g t f t dt

v t g t dt

ω
µ µ

ω
µ

+

+

Π = − + − + + −⎡ ⎤∫ ⎣ ⎦

+∫
  

Note that the last term is a constant; it is the expected valuation of shareholders.  
Using Propositions 2 and 3, the shareholders’ problem is then equivalent to maxi-
mizing the previous quantity (linear in f ) in the set of functions  
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[ ]{ }: [0, ] , , ' , . ., (0) 0 .f a f is convex f a e and fω α α+ → ∈ ≥   

Any solution f obviously is such that the participation constraint is binding at 
the bottom: f(0)=0, and taking 'u f=  as a new unknown (which is natural since 

( . ) '( . ) ( )u fω θ ω θ α θ= = ), we have the following: 

Proposition 4: The principal program is equivalent to  

( ),u Kmax L u∈  (17) 

where L is the linear form: 

0( ) ( ) ( )aL u h t u t dtω+= ∫ ,  

with 

( ) ( ) 1 ( ( )) ( )h t G t t k v t g tµ µ= − + + −  (18) 

and 

[ ]{ }: [0, ] , , -K u a u is non decreasingω α α= + → .  

The proof immediately follows from previous computations and Propositions 2 
and 3. Note that K is convex and compact, say for instance in the weak (or even 
strong) PL  topology (p ∈ (1, ∞)). And since h is continuous and bounded, the 
maximum of (17) is achieved. This proves the existence of at least one solution. 

4.2 The Geometry of Optimal Solutions 

Since the shareholders’ program is a simple linear program, the maximum is 
achieved in at least one extreme point of K. Moreover, Krein-Millman’s Theorem 
(see Royden, 1988) and compactness of K in PL  imply that the set of solutions of 
(17) (which is a face of K) is the closed convex hull of the set of extreme points 
which also solve (17). We shall therefore focus on solutions in the set of extreme 
points of K. 

The next result characterizes extreme points of K—these are the non-decreasing 
functions which take values only in { , }α α . Without loss of generality, we normal-
ize non-decreasing functions so as to be right-continuous. 

Lemma 1: The set of extreme points of K, ext(K), is given by: 

{ }[0, ) [ , ]ext( ) [0, ], t t aK t a ωω α α += ∈ + +1 1 .  

Proof: First it is obvious that if u is of the form [ ) [ ]0. ,t t a ωα α ++1 1 , u is an extreme 
point of K. To prove the converse inclusion let us proceed as follows. Let u ∈ ext(K). 
Define c and d by c = u(0), ( )c d u a ω+ = + ( c c dα α≤ ≤ + ≤ ), and define 
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{ }, , (0) , ( ) .c dK x K x c x a c dω= ∈ = + = +   

It is trivial to see that ,c dK  can also be parameterized with probability measures:  

{ }, 0, ( ) ,  [0, ] .t
c dK x x t c d d for some probability measure on aυ υ ω= = + +∫   

Hence, we write u in the form 

0( ) .tu t c d dυ= + ∫  (19) 

Obviously u is an extreme point of ,c dK . We claim that this implies that υ in (19) is 
a Dirac mass δt for some [0, ]t a ω∈ + . If not, υ would not be an extreme point of 
the set of probability measures, hence there would exist probabilities 1υ  and 2υ  
with 1 2υ υ≠  and 1 21/ 2( )υ υ υ= + . Defining for i ∈{1, 2}: 

0( ) ,t
i iu t c d dυ= + ∫   

we would have 1 21/ 2( )u u u= +  with 1 2u u≠  and 1 2( , )u u K K∈ × , a contradic-
tion with the extremality of u. We have therefore proved that u is of the form 

[0, ) [ , ]( )t t au c c d ω+= + +1 1  for some [0, ]t a ω∈ + . Finally, it is easy to prove that 
extremality of u implies that either (0, )t a ω∈ +  and ( , ) ( , )c c d α α+ = , or u is 
constant with value α or α . This ends the proof. 

As an immediate consequence, we have the following. 

Corollary 1: Program (17) admits at least one solution which only takes values α 
andα . 

Thus there always exists an optimal menu of contracts with at most two con-
tracts offered. Let us define 

0( ) ( ) ( ) ,t a
tF t h t dt h t dtωα α += +∫ ∫   

so that the extreme function [0, ) [ , ]t t au ωα α += +1 1  is a solution of (17) if and only if 
t maximizes F. Finding the solutions of (17) that belong to ext(K) reduces then to 
solving the one-dimensional problem 

max{ ( ), [0, ]}.F t t a ω∈ +  (20) 

Let us denote by A the set of solutions of (20). Since h is continuous, A is a 
nonempty compact subset of [0, ]a ω+ . The set of solutions of (17), hence of opti-
mal contracts is fully determined by A as expressed by the following statement:  

Proposition 5: The set of solutions of (17) is the closed convex hull (say in the PL  
topology, p ∈ (1, ∞)) of [0, ) [ , ]{ , }.t t a t Aωα α ++ ∈1 1  
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If the set A where F achieves its maximum is not reduced to a singleton, say 
2( , ')t t A∈  with 't t<  then both step functions [0, ) [ , ]t t a ωα α ++1 1  and 

[0,, ') [ ', ]t t a ωα α ++1 1  are solutions of (17), and any convex combination of those step 
functions is also optimal. Taking convex combinations amounts to adding an inter-
mediate third value to the function. In the case where a menu with three or more 
contracts yields the same profit to shareholders as a simpler menu, shareholders are 
more likely to offer the simplest one. Indeed, remember that we abstract from law-
yers’ costs, the cost of drafting contracts, etc. Hereafter, we only consider those sim-
plest menus. 

It is worth noting that if t is an interior solution, then the step function 
[0, ) [ , ]t t a ωα α ++1 1  is a solution of the principal program and thus α(.), i.e., the frac-

tion of revenue distributed as dividends as a function of types is discontinuous in the 
aggregate type ω.θ in the interior of the participation region. 

Since h is explicitly given by (18), we can further characterize the solution of 
(20). Note first that F is differentiable and its derivative can be computed explicitly 
as follows 

'( ) ( ) ( ) ( )( ( ) 1 ( ( )) ( ))F t h t G t t k v t g tµ µα α α α= − = − − + + − . (21) 

Hence, since (0) ( ) 0g g aµ µ ω= + = , (0) 0Gµ = , and ( ) 1G aµ ω+ = , we 
have '(0) ( ) 0,F α α= − >  and '( ) 0F a ω+ = . This proves indeed that 0 A∉ , i.e., 
the constant function u α≡  is not a solution of (17). Note also that if the condition  

( ) [0, ]t k v t for all t a ω+ ≤ ∈ + , (22) 

is satisfied, then F is increasing; hence { }A a ω= +  and the only optimal menu of 
contracts is a single contract such that α α≡ . 

Proposition 6: It is not optimal for the shareholders to offer a unique contract, in 
which they ask for the minimal proportion 1 α−  of revenue to be distributed as 
dividends. If (22) is satisfied, it is optimal for the shareholders to offer a unique con-
tract, in which they ask for the maximal proportion 1 α−  of revenue to be distrib-
uted as dividends. If (22) does not hold, then it is optimal for the shareholders to 
offer two contracts, one in which they ask for the minimal proportion 1 α−  of 
revenue to be distributed as dividends, and one in which they ask for the maximal 
proportion 1 α− .  

Proof: Only the last statement has not been established yet. First, we can easily 
show that gµ  is non-increasing in a neighborhood of a ω+  since ρ is smooth and 
strictly positive (proof is available upon request). Second, assume then that for t 
sufficiently close to a ω+ , 

( ) 0.k v t− >   

It is enough to prove that F does not achieve its maximum at a ω+ . For 
0 t a ω< < + , we have 
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1 ( )'( ) ( ( ))
( ) ( ) ( )

G tF t t k v t
g t g t

µ

µ µα α
⎛ ⎞−

= − + −⎜ ⎟− ⎝ ⎠
.  

Since 

( )1 ( )
0 ,

( ) ( )

a
t g s dsG t

g t g t

ω
µµ

µ µ

+− ∫≤ =   

and gµ  is non-increasing in a neighborhood of a ω+ , we have that for t close to 
a ω+  

( )

1 ( ) '( )0 , lim 0.
( ) ( ) ( )t a

G t F tt hence
g t g t

µ

ω
µ µα α→ +

−
≤ ≤ <

−
  

This implies that '( ) 0F t <  for t close to a ω+  so that a Aω+ ∉ . This ends the 
proof. 

5. Economic Interpretations 

In this section, we summarize and interpret the results we have obtained in sec-
tions 3 and 4, paying special attention to bunching. 

Our first result (Proposition 2) is that shareholders are able to discriminate dif-
ferent types of the firm in only one dimension. The only dimension in which screen-
ing may occur is the revenue net of the cash transfer. More precisely, we have 
shown that any two types θ and 'θ  such that . . 'ω θ ω θ=  are offered the same 
contract. This result is fairly intuitive as the only dimension that really matters for 
shareholders is the dividends distributed, and they are proportional to the net reve-
nue. The net revenue is thus a sufficient statistic for shareholders; they do not want 
to know all the fine details about the firm technology and its production costs. In 
other words, the net revenue summarizes everything shareholders need to know. 
Note that this property only follows from the incentive compatibility constraint. 
One-dimensional discrimination reflects the fact that perfect screening is ruled out 
by dimensionality considerations. Indeed, in our model, the type space is 2N dimen-
sional (i.e., the N inputs’ prices and the N productivity factors are private informa-
tion of the firm) while the instrument space is essentially one-dimensional. Indeed, 
shareholders have essentially a unique degree of freedom to screen the firm, namely, 
the fraction α of revenue to be distributed; the cash transfer C being used to satisfy 
the participation constraints. Hence the dimensionality of the problem implies that 
perfect discrimination is impossible: bunching of the first type occurs, in the termi-
nology of Rochet and Chone (1998). To avoid such bunching of the first type, 
shareholders would have to offer more sophisticated contracts, including, for exam-
ple, a requirement to issue new stocks, distribution of stocks options or other deriva-
tives, etc. 
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Second, Proposition 3 implies that if a menu (α(⋅),C(⋅)) is incentive compatible, 
then α(⋅) is non-decreasing in the aggregate type ω.θ, this feature allows a natural 
interpretation. The lower the production costs and the more productive the technol-
ogy, the higher the net revenue is (i.e., the higher ω.θ ). It follows that to secure a 
certain amount of dividends, the proportion (1−α) of revenue distributed to share-
holders needs to be lower, hence α is higher. To take a concrete example, suppose 
that shareholders want to secure €1 billion. Then if the net revenue is €10 billions, 
the fraction (1−α) of revenue to be distributed is 10%, but if the firm is much more 
productive and realizes net revenue of €20 billions, the fraction needs only to be 5%. 
Hence the fraction of revenue kept by the firm is non-decreasing in the revenue re-
alized. However, the magnitude of the recapitalization is ambiguous, as an increase 
in α has an ambiguous effect on the capitalization C and hence on the initial cash 
transfer T. Moreover, Proposition 3 expresses that the participation constraint is 
binding at the bottom, i.e., the less productive and the less efficient firm receives no 
informational rent. This is natural since the less productive and the less efficient firm 
realizes zero revenue, hence it is optimal to not recapitalize it.  

Third, since shareholders’ profit is linear with respect to the instrument α, the 
shareholders’ program turns out to be of the linear programming type. Solving such 
a problem amounts to finding extreme points of the admissible set. This argument 
together with Lemma 1 implies that there always exist very degenerate optimal 
menus. Our second important result indeed establishes the existence of optimal 
menus with at most two contracts offered by the principal. Therefore, our specific 
case highlights an extreme case of bunching of the second type in the terminology of 
Rochet and Chone (1998). In fact, this extreme case of bunching is a direct conse-
quence of the linearity of shareholders’ profit; as is well-known for such types of 
problem, we have bang-bang solutions. 

Finally, Proposition 6 gives a necessary and sufficient condition under which it 
is optimal to offer a single contract α ≡ α (complete bunching). Condition (22) means 
that shareholders value sufficiently dividends. However, it does not necessarily mean 
that they value dividends more than their face value t since k is negative.  Actually, 
depending on the technology parameters jb , k might be extremely negative, hence 
the condition can easily accommodate for v(t) < t. Intuitively, if more dividends does 
not have a disproportionate negative effect on shareholders’ valuation either through 
taxation or losses in stocks’ resale, then it is clearly optimal to offer a unique contract 
in which they ask for the maximal amount of dividends to be distributed. If condition 
(22) is violated, then the optimal menu includes both the low ( )α α≡  and the high 
contract (α α≡ ). In that case, the type space is split into two regions: productive and 
efficient firms with high revenue obtaining the high contract, and less productive and 
less efficient firms with low revenue obtaining the low contract. In fact, this result is 
fairly intuitive. Shareholders are willing to recapitalize a firm only if the firm is very 
productive and its production costs are sufficiently low, guaranteeing high revenues 
and hence a substantial amount of dividends redistributed. Clearly, if the firm is not 
extremely productive and its production costs high, then it is not really worth recapi-
talizing. And indeed, the worth type of a firm even gets nothing. 
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